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Goal 4 of the United Nations Sustainable
Development Goals, which focuses on quality
education, is relevant in the context of Central
Java. With varying achievements concerning
educational indicators across districts/cities
and skewed-positive distribution, Central Java
must address educational challenges and
improve the quality of students’ learning
experiences. While many regression-based
models have been introduced, no model has
captured  spatio-temporal  variation  for
skewed-positive  distributions. This  study
proposes a geographically and temporally
weighted multivariate generalised gamma
regression (GTWMGGR) model and applies
it to model three educational indicators in
Central Java, encompassing the mean years of
schooling (MYS), school enrolment rate (SER)
and gross enrolment rate (GER). We develop
parameter estimation using the maximum
likelihood method combined with Berndt—
Hall-Hall-Hausman algorithm. In addition,
we derive the hypothesis test procedure using
the maximum likelihood ratio method. The
results indicate that the GTWMGGR model
parameters are significant at any given point.,
revealing eleven groups for MYS and GER
indicators and nine groups for SER indicators.
By identifying the specific
contexts for each group, our study highlights
the importance tailored
strategies and improve
educational outcomes in Central Java.

educational

of developing
interventions  to
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Introduction

The geographically weighted regression (GWR) model is an extension of the linear
regression model that can be applied to address spatial heterogeneity (Fotheringham
et al. 2015, Fabian 2014, Bertus 2017, Safaralizadeh et al. 2024). In addition, the
geographically and temporally weighted regression (GTWR) model is a valuable
method for investigating spatio-temporal heterogeneity in a regression equation
(Huang et al. 2010). Furthermore, Fotheringham et al. (2015) proposed an enhanced
version of GTWR by introducing independent determination of the optimal spatial
and temporal bandwidths, enabling a more comprehensive analysis of the temporal
evolution of spatial patterns. While GTWR has been applied for research in various
fields (Liu et al. 2017, Du et al. 2018, Zhang et al. 2019, Wang et al. 2020, Sifriyani
et al. 2022), the model is restricted to (1) univariate cases and (2) a response variable
with normal distribution. To extend GTWR, GWR models have been developed for
non-normal univariate responses (da Silva—Rodrigues 2014, da Silva—de Oliviera
Lima 2017, Putri et al. 2017, Yasin et al. 2022a, 2022b). Similarly, GWR models have
been constructed to evaluate multivariate responses (Harini et al. 2012, Rahayu et al.
2020, Wenur et al. 2020, Chen et al. 2022, Palmi-Perales et al. 2023). However, to
the best of our knowledge, no study has developed a local multivariate spatio-
temporal model for skewed-positive distributions.

Generalised gamma (GG) distribution is a versatile continuous distribution that
provides a more flexible framework than other distributions such as gamma,
exponential, Erlang, Weibull, chi-squared, Rayleigh, log-normal and half-normal. It
also has multiple benefits compared with normal and classical gamma distributions.
With three parameters, its flexibility allows for a wider range of shapes and
accommodates various skewness and kurtosis levels. GG can model heavy-tailed
data and accommodate skewness better than normal distribution. The robustness of
GG makes it suitable for skewed datasets. It can model various data types, including
continuous, positive-valued and right-skewed data, which makes it a preferred choice
in statistical applications (Stacy 1962, Sanchez—MacKenzie 2016, Shanker—Shukla
2016, Diantini—Purhadi-Choiruddin 2023). This study proposes the geographically and
temporally weighted multivariate generalised gamma regression (GTWMGGR)
model to explore the spatio-temporal modelling for multivariate generalised gamma
MGG) distributed responses. We thoroughly examine the parameter estimation
process using maximum likelihood estimation (MLE) optimised by the Berndt—Hall—
Hall-Hausman (BHHH) algorithm, and the model inference process involves the
creation of a hypothesis test using the maximum likelihood ratio test (MLRT)
method. Furthermore, we evaluate our proposed model in simulation study and in
application to the educational indicators in Central Java, consisting of the mean years
of schooling (MYS), gross enrolment rate (GER) and school enrolment rate (SER)
indicators.

Regional Statistics, Vol. 15. No. 2. 2025: 258-291; DOI: 10.15196/RS150204



260 Hasbi Yasin-Purhadi- Achmad Choiruddin

The remainder of this article is structured as follows. First, the MGGR model is
described. This is followed by a detailed explanation of the GTWMGGR model,
encompassing the methodology for estimating parameters in addition to hypothesis
testing. Then, model validation in a simulation study is discussed. Next, the model’s
implementation on the educational indicator data for Central Java, Indonesia is
examined. Finally, the relevant findings and proposes suggestions for future research
endeavours are summarised.

Multivariate generalised gamma regression

Suppose U,,U,,---,U, includes K random variables, each of which has GG
distribution with A and ¢ as the first and the second shape parameter, with @, as
the £-th scale parameter and &, as the £-th location parameter, which can be written
as U, ~GG(4,7,6,,5,)> k=1,2,.., K Therefore, if we define Y, =U, +U, +---+U,,
then the random vector of Y],Y,,---,Y, will be MGG distributed with the following
probability density function (pdf) (Yasin et al. 2023):

T K T
X CXPE_(%H_&] _Z(J}k_];l_5éj J
| 7 1 k=2 3 1)
f(Y|®)_(F(ﬂ)J -4 g -4 (
[ 0&][ 1] H(]k Je1~ 5}
=1 2 0,

where ®=[/11(-)T r]l,y [ J;K]T ,1,1—>0’6 :[5{@@5}(]’
5,eR, 0°=[06--6--0], 6,50, 5,50, k=12-K, y+5,<y; £>1,
6, < y, and ¥ (y|®)= otherwise. The theoretical mean, variance, covariance and

correlation are expressed in equations (2)—(5) (Yasin et al. 2023) as follows:

B(Y,)= (M Ji9+25, @

r@) =
F(/1+2j F(/%Ll) B
ar _ T) T 2 , 3
RS v e e el % v
Cov(Y,,. Y, )= Var(Y,, ) for £ <4, and @)

Pr 4, —Corr( ) /Zé’ ZZ:H: ) ©)
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The scale parameter is used as a starting point for the MGGR model, and the log
function is used as a connecting function. This implies that variations in the
predictors directly correlate with variations in the scale parameter, whereas the other
parameters are consistent for all data points (Yasin et al. 2024a).
In the spatio-temporal data paradigm, the following equations express the matrix
representing the response and predictor variables:

Y(ﬂLxK):[Y]Tl sz1 Y§ YZL] ©)
_[ L T]T
X(,D( ) K *a Xy XL |, )
where yg:[)’w Do 0 T J/K//](M()a i=12n, /=12,--,LL and
-
X :|:1 A Xﬂl]@x(pﬂ))' y, and x, are the vectors of

response and predictors, respectively, at the i~th site in the Ath period. Therefore,
using equation (2), the mean of Y, can be written as follows:

E(Yé,,)zmﬁa,(xmfa : ©®)

1—‘(ﬂ') r=1 r=1 '
(4
where 6, (Xz'/ ) = (—)1(€XP(X§§1 ) -0, ) ,and )
F(ﬂ +j
T
r4 . .
0, (Xi/ ) = (—)l(exp(xl.’/ﬁk ) - CXP(X;Isk—l ) - §ki)3/é =23, K. (10)
F(/l +j
T

Therefore, considering equations (8)—(10), the MGGR model can be defined by
modelling the mean of the random variable as follows:

E(Y/ej/) =€XP(X§@), 11)
where B, = [ Boe BB B T reflects the regression coefficients obtained
from p predictors. Therefore, the vector of the MGGR parameter can be written as
0, z[ﬁf Bl B, By AT 6‘]‘:|T. The model’s parameter estimation can be

obtained employing the MLE approach, which is optimised using the BHHH
algorithm. Hypothesis testing of the regression parameters simultaneously uses the
MLRT and partially uses the Wald test (Yasin et al. 2024a).
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Geographically and temporally weighted multivariate
generalised gamma regression (GTWMGGR)

GTWMGGR can be considered an extended version of MGGR for considering
spatio-temporal heterogeneity similar to GTWR for linear regression. To account for
spatio-temporal heterogeneity, we mimic the idea of GTWR by defining
the spatio-temporal weighting matrix with components that have a spatio-temporal
kernel and incorporating spatio-temporal distance with a certain bandwidth.
The spatio-temporal weighting function of the 7*-th site against the /~th site at the
th period can be determined as follows:

”/z{z* =@ (dtj* by, ) X (dz/z* by ) > (12)
where ¢ and ¢ are spatial and temporal kernel functions, respectively, 4!, represents
the spatial distance across 7 and 7* (determined using the Euclidean distance formula),
d’, is the temporal distance measured using the time lag of the /~th period to the
current time and 4, and j are spatial and temporal bandwidths, respectively.
Thus, the spatio-temporal weight matrix for the /*th location in L data periods
includes L components, where each component represents the ~th period as follows:

SI) _ o 1) 1) 1) 1)
W =g W W W W, 13)
where the weighting matrix for the 7*-th location in the /th period is as follows:

W) (). 08

> i+

The weight assigned to each observation is decided by considering its spatial and
temporal proximity to others. This dual consideration of space and time allows for a
nuanced understanding of how different locations and moments in time contribute
to the overall influence on a given response variable. In essence, the weight value can
be expressed because of the combined spatial and temporal relationships captured by
the chosen kernel function, providing a framework for simultaneously analysing
the dynamics of a phenomenon over space and time. The weight matrix components
are flexible with the kernel function used. Using a Gaussian kernel function, the
spatio-temporal weights are computed as follows:

5 \2 / \2
/ 1 dz'i* % 1 diz'* 15
w., =exp| ——| — exp| ——| — .
i Pl =5 b Pl =5 3 (15)

Applying the spatio-temporal weighting matrix to the MGGR model will yield
distinct parameters for ecach site; therefore, the general GTWMGGR model
framework is expressed as follows:

Ko =E(Y/a'/) =exp(x§ ?’@) > (16)
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where 6& [ﬂl\k ﬂu : ﬂ/kz “.ﬁpkz}

a spatio-temporal heterogeneity of impact. Since parameters are estimated at each
point, we can generate the pdf of the GTWMGGR model by modifying the pdf of
the MGGR model through adding a location index to each model parameter.
Therefore, the pdf of the GTWMGGR model with the MGG-distributed response
variable ( y,,, 5,,,**, ¥y, ) at the i-th site can be obtained as follows:

D1 — O ’ _ . D = I O ’

K o { 0, (Xz'/) J ;{ 0, (Xi/) j
f(yi/ |®icm) Z(H & ] =) [Er
A=l 0‘7 (X”)r(i ) ()’1;/ 5; J - ﬁ(]@/ —Ju _5/@'] -

0, (x,/) k=2 0, (xi/)
r'(4)

where Hli(xi/)=—1(exp( zlglz) 11)’ (18)
F(/L +J

represents the regression coefficients, assuming

((p+1)x1)

17

/'

1
T,

0, (x,)= ( jexp x)B, )~ exp (X8 )= 0. )£ =23, K, (19)

[(511 BBl BLAT 6} represents the GTWMGGR model parameters at

7

the Z"th point, ﬂ’i >0 Ti >0 5 6j :[é‘]l 52,' 5ki e 516](1><K)’ 6/@' (S R 5

Vi T 0L < Yk >1,0,, < 3., and f(y,'/ gcﬂz) =0 for others.

GTWMGGR model parameter estimation

The estimator of GTWMGGR parameters is partially obtained at every location by
involving spatio-temporal weighting elements. Suppose that @ /", is the parameter

of the GTWMGGR model at the 7*th location to be estimated. The log-likelihood
function is constructed by multiplying the spatio-temporal weights 5/, as follows:

( (TR) ZZL,/( (TR) ZZ”’” 10gf( ,/|®(1R) (20>

/=1 i=1

The estimator of @ can be denved using the MLE approach by setting

GTR

the first derivative of the likelihood function (L, (@GR)) concerning @ . equal to

GTR

zero and ensuring that the second derivative of L, (GCJR) concerning @ !, is

a negative definite matrix. Due to the differentiation of L, (@m) with respect to all

Regional Statistics, Vol. 15. No. 2. 2025: 258-291; DOI: 10.15196/RS150204



264 Hasbi Yasin-Purhadi- Achmad Choiruddin

elementsof ® 77,
use of the BHHH algorithm to tackle the defined challenge efficiently. A numerical
procedure that combines a likelihood criterion to fit the model optimises the criterion
in this iteration method. The method involves iteratively updating the parameters by
using the inverse of the expected Fisher information matrix, which is defined by the
gradient function (Berndt et al. 1974, Greene 2008, Wooldridge 2010). This method

was adopted in practice because it eliminates the need to calculate the second

not yielding a closed form, the uniqueness of our technique is the

derivative to generate the Hessian matrix. The approximate Hessian matrix can be
computed by summing the gradient vectors of each observation (Rahayu et al. 2020,
Wenur et al. 2020). Equations (21) and (22) express the GTWMGGR parameters’
gradient and approximate Hessian matrix.

g(ng):iigﬂ(@gm)’ (21)

/=1 i=1

L » .
H (®Z’[‘R ) = _z z g (®ZTR )g// (QZTR )7 > 22

/=1 i=1

where g, (QZTR) denotes the gradient of @ ., at the /~th site and /th period that is
presented in equation (23), see in Appendix Al for more detailed expressions of the
gradient and approximated Hessian matrix.

_ oL, (Ggm) . oL, (®gm) oL, (GZR) oL, (G)ZYR) oL, (®Zn<

)
g (®GIR ) - B! B oA.. or.. 8. &

This estimation process is tepeated at each location to estimate the overall

A A . A . T
GTWMGGR model parameters or Oy =|:®1m @mgmgém] . Table 1

presents the steps for obtaining the @ .
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Table 1
Algorithm for parameter estimation of the GTWMGGR model

Input: datay,, x, where ; _ y » ... , and /=1,2,-++,L asshownin equations (6) and (7)

geographical coordinates U; :(%,”j) , time period /
spatial bandwidth 4,
temporal bandwidth /.

forﬁ = 1,2, ,n do

Compute the spatial distance ,[:fx where ;« = 1 o5 ..,
for /=1,2,--- L do
Compute the temporal distance df[* =/ -1 where / = l, 2, ) L

. . . W(W)
Compute the spatio-temporal weight matrix W%

K O) -
Initialise GGIR :®R, £=10"" and maximum iterations of 3 _ 150

Define iteration , = o

GTR

Compute the gradient g(@i*(o)) using equation (21)

Compute the Hessian matrix approximation H((':)?g) ) using equation (22)

while ®g¥g+1)—®g§g) 2gor, <y do

R R M CRMCH

m = m + 1
end while
end for
end for

After we obtain the estimated GTWMGGR model parameters, the log-likelihood
model can be calculated by summing up the log-likelihood of each observation based
on respective parameters as follows:

L(®,,)= zl L(®,): 24)

Testing the GTWMGGR model hypothesis

GTWMGGR parameters are tested simultaneously using hypothesis testing with the
following hypothesis.

Ho: ﬂjyd‘ :O,foreach J=12,,p, £=12,--- K and ; -, ,

..... n o>

Hi: at least one of ﬂ/h- #0,
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Define Q ., as the set of GTWMGGR model parameters under population and
as the set of GTWMGGR model parameters under Ho, denoted by

L :{ﬁnsszv"'aB/ezs"'»smaj‘n"'>/1ﬂ>71>""rw81>"'36n} and
a)GZR:{ﬂa)OM’leOZl’”'>ﬂa)0/ez””"ﬂw()l@’ﬂ’wl’”"}’M’Twl"."rw’ wp"':‘scw}-

In addition, QGTR and 4 ., are estimated using the MLLE method as outlined

a)CTR

in algorithm 1, which is employed using the MLLRT method. The test statistics are
stated as follows:

G =2 Q)L ), 25)

where L‘(%) and L(&)Gm) express the log-likelihood of the GTWMGGR using

the respective estimators, under population and Ho, see equation (24). In Appendix
A2, we prove that the test statistic G 2,, asymptotically follows the chi-squared

G TR

distribution with x ¢r (s) degrees of freedom, where s expresses the GTWMGGR
projection matrix in equation (26). Therefore, the null hypothesis (Ho) is rejected

when GéTR > )((2170[); Ku(s) > Where ¢ is the significance level.

= ’1‘ 7‘ LECIE) ’1‘ LECIE) 7‘ T

S(ML) =|Su Sy Sy Su. |, (26)

where §7 = [x; (X,TWIS”)X/)f1 X/TW,,EX"')} ,and X, is the predictor matrix for
(1xuL)

the /h period observation of size (ﬂX( p+1)). (The distribution of the statistical test
in equation (25) is presented in Appendix A2.)

The hypothesis for testing the GTWMGGR model parameters partially is Ho:

ﬂ/h. =0 wversus Hi: ﬂjya #0, j=12,--,p, £=12,--,K and ,_,, .

The hypothesis test statistics are obtained as follows:

A

Z//ei - /\ﬂ//eiA nioo
\/Var(ﬂﬂei )

——~

where SE( ,3/,&)= Var( ﬁA’ /,a.), and Var(ﬂj,d) is the main diagonal element

N(0,1), 27)

A

A . -1
corresponding to p % of the matrix —|:H(®ZG7R )J . Therefore, Hy is rejected when

‘Z//e“>z%, where Z‘V represents the standard normal distribution quantile (the
2
proof of equation (27) is presented in Appendix A3).
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Finally, we conduct hypothesis testing to examine the significance of spatio-
temporal effects by comparing the GTWMGGR model with the MGGR model using
the following hypothesis:

Ho: ﬂ/h =ﬁ;k;\V]'=O,1,2,- S pk=L2  Ki=12m,

Hj: at least one of ﬂjh * k-

The hypotheses’ test statistics are obtained as follows:

TN YA

where G? is the test statistic used in the simultaneous hypothesis testing of the
significance of the MGGR parameters. It is recognised that G? is chi-square
distributed with 4f = pK (Yasin et al. 2024a),and ¢ 2., is also chi-square distributed

G TR
with K tr (8)- Therefore, it is straightforward to prove that the test statistic F is

G TR

F-distributed with degrees of freedom pK and K ¢r(s); hence, Ho is rejected if
Fem > i gy cu(s)» Where o) ok xu(s) tepresents the F distribution’s (1-a)-th
quantile with pK and K ¢r(S) degrees of freedom. As noted by a reviewer, the

effective number of parameters may be underestimated since the hat matrix S does
not include the local shape and scale parameters. Further development based on the
technique developed by da Silva—Rodrigues (2014) and da Silva—de Oliviera Lima
(2017) is left for future research endeavours.

Remark: GTWMGGR is a spatio-temporal model developed using a spatio-
temporal weight matrix. Our model is a more general case that can also cover the
following spatial and temporal models.

1. The geographical model (GWMGGR) can be used when the weight matrix is

only constructed based on the spatial heterogeneity effect (Yasin et al. 2024b).
In this scenario, the weight matrix is solely influenced by spatial bandwidth and
distance as follows:

“7/_(*5) — diﬂg(W(;ﬂ),W.(“‘)

i*2

. 2
S _ g / / / / 1(4°
where Wf*, —dza(g(wli*,ww;--,u/l.l.*,---,u/”i*) and /| :exp[__[L .

e W W) ) ; (29)

AN

S
2. The temporal model (TWMGGR) can be used when the weight matrix is only

constructed based on the temporal heterogeneity effect. In this scenario, the
weight matrix is only affected by temporal bandwidth and distance as follows:

W(T) - diag(wl(7') i WZ(T) oo ’W/(T) e, W](f) ) , (30)

T . %
where W' =diag(w]. ool ool ) and ) p([d_) ]
! 2\ b,
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Simulation study
Simulation design

To validate the effectiveness of the proposed model, we apply the GTWMGGR
model on several simulated datasets. Due to limitations in the generating spatio-
temporal datasets, we only test a spatial simulation using the GWMGGR model.
The GWMGGR model is a GTWMGGR model that uses the weighting matrix in
equation (29). The datasets have known characteristics and exhibit different degrees
of spatial heterogeneity. The spatial arrangement is represented by a 15 x 15 lattice
with a regular pattern. We established three different parameter surfaces for a single
covariate, each of which respectively exhibits zero, medium and high levels of spatial
heterogeneity to investigate the effect of these different levels on the model’s
effectiveness. These surfaces were designed according to the following rules
(Fotheringham et al. 2017).

Simulation design 1 (zero spatial heterogeneity):

B, =25, B, =3.5and B,, =4.0,

B, =0.0044, 8, =0.0011 and B,,, = 0.0013.

Simulation design 2 (low spatial heterogeneity):

B, =25, B, =3.5and B,, =4.0,

B :1og[1+(112)(% H")j /100, B, =1og£1+(112j(% ”")j /75 and
B :1og[1+(112j(% +”f')j /85.

Simulation design 3 (high spatial heterogeneity):
B, = 2.5, By, = 3.5 and B, = 4.0,

1 nY v Y
=log| 1+ — | 36| 6= | | 36—| 6—=| || /100
P=los (324j ( 2) ( [ 2” ’
2 2
1 u, v,
=log| 14+] — [ 36-| 6= | | 36-|6=2]| ||/75
B =log (324j ( ZJJ ( 2]) and
2 2
1 u, v,
=log| 1+] — [ 36-| 6= | [ 36—|6=2]| || /85
P los (324) ( zn ( zn |

where », and # represent the vertical and horizontal coordinates, respectively, which

increase in increments of 1. The algorithm for model simulation is presented in
Table 2.
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Table 2
GWMGGR simulation algorithm
Define:  n = 15x15, the spatial layout is structured as a consistent 15 x 15 grid using geographical

coordinates (”Z SV, ) .

K = 3 responses, and p = 1 predictor.
Assume: B,,,B,, and B, (the true regression coefficients for three responses) following the three

simulation designs.

A=157=375and 8 :[3:10, 8] as the MGGD parameters
X, ~U(5,30) as predictor

Data generation
for i= 1,2, do

T
generate X, :[1 XU]

calculate 6 (xl. ) = L/l)l(exp(xjﬁli ) -9, ) ,
F(/i + j
T
0, (x/. ) = LQ(CXP(X,’T&Z' ) - CXP(X%(/H);- ) -0, ),/é =273
F[l + TJ

generate yz- ~MGG(ﬂv, T,el-,a) , whete e[- = [6’1, (X;') 021. (X;') 031. (XZ. )]]
end for
Apply GWMGGR to y on x

Simulation results

Table 3 presents the average of the important statistics for MGGR against
GWMGGR, considering three spatial heterogeneity levels. The results reveal that the
optimal bandwidth of the spatial model (GWMGGR) will decrease when dealing
with data that exhibits significant spatial heterogeneity. Consequently, the effective
parameters will rise substantially, causing the model parameters to exhibit more
significant variability. Then, the MGGR model’s log-likelihood decreases as the
amount of spatial heterogeneity rises, indicating less accuracy. In contrast, the
precision accuracy of the GWMGGR model will be enhanced. This is demonstrated
by the increasing gap in deviation between the two models. Analysing the similarity
test of the MGGR against GWMGGR models reveals that as the degree of
geographical heterogeneity rises, the F-test statistic value increases and the p-value
lowers dramatically. Therefore, the GWMGGR model surpasses the MGGR model
in effectively accommodating spatial heterogeneity. It is crucial to recognise that
estimating the parameters of the GWMGGR model is quite time-consuming,
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contingent upon the level of geographical heterogeneity. For this reason, we only
replicated the simulation process 30 times for each simulation design. Therefore, for
future research, improving the likelihood function optimisation method using a
faster computational method that is non-gradient based is recommended.

Table 3
Simulation result
o Spatial heterogeneity level
Average of statistics -
zero low high
log-likelihood —1,635.237 —1,837.094 —1,968.990
MGGR -
deviance 3,270.474 3,674.187 3,937.979
log-likelihood —1,634.582 —1,776.496 —1,827.781
GWMGGR -
deviance 3,269.266 3,552.992 3,655.562
difference of deviance 1.209 121.195 282.417
optimum bandwidth 19.775 2.900 1.986
n-eff 6.582 39.355 72.189
Overall
F-test 2.088 11.100 15.723
p-value of F-test 1.962 x 10-1 1.868 x 10~ 2.223 X 105
computation time (in hours) 0.190 0.779 1.248
Table 4
The accuracy of parameter estimation
Spatial heterogeneity level
Parameter Zero low high
MSE averaged bias MSE averaged bias MSE averaged bias
Pot 0.003241 0.048593 0.004382 0.031957 0.009459 0.045262
P 0.000002 0.000031 0.000012 0.001369 0.000022 0.001737
Po2 0.000337 0.010374 0.001869 0.025163 0.004082 0.032791
Pz 0.000000 0.000023 0.000005 0.001202 0.000015 0.002511
Po3 0.002490 0.048080 0.002820 0.043499 0.003236 0.034615
P13 0.000001 0.000014 0.000004 0.000950 0.000011 0.002196
Average 0.001012 0.017852 0.001515 0.017357 0.002804 0.019852

We evaluated the precision of the parameter estimates by quantifying the mean
square error (MSE) and averaged bias of each estimated parameter, as shown
in Table 4. The simulation results based on the MSE of each parameter demonstrate
that the proposed algorithm effectively estimates parameters close to their actual
values. Furthermore, the bias of each parameter also indicates that the average
estimated parameter is not much different from the actual parameter. However,
the average MSE tends to rise significantly as spatial heterogeneity grows because
parameter variability will increase at higher levels of spatial heterogeneity.
Nevertheless, the results show that our proposed method consistently yields precise
parameter estimates for the GWMGGR framework with low bias.
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Application in educational indicators

Next, we use published data from the BPS Central Java Province spanning 2017 to
2021, encompassing information from 35 districts/cities [1]. Table 5 shows that the
average MYS is 7.77 years, with respective minimum and maximum of 6.18 years
(Brebes district in 2017) and 10.90 years (Surakarta city in 2021). This indicates that
the average education level of individuals aged 25 years and older is equivalent to
completing only the first year of junior high school or dropping out in the second
year, which is still far from the target of 9 years of compulsory education, which only
17% of districts and cities have achieved. On average, SER is 71.50, with minimum
and maximum values of 49.56 (Brebes district in 2018) and 91.39 (Magelang city
in 2019). This indicates that the average school enrolment rate for 16—18-year-olds
in each district or city is approximately 71.50%, which falls short of the national target.
Finally, the GER average is 85.73, with minimum and maximum values of 52.98
(Wonosobo district in 2017) and 121.91 (Salatiga city in 2019). This indicates that in
each district or city, only approximately 85.73% of the population aged 1618 is
enrolled in senior high school on average, which is below the national goal of 88.39%
for GER [3].

Table 5
Research data descriptive statistics
Research variable Mean Star}dgrd Minimum | Maximum
deviation
Mean years of schooling (Y1) (years) 7.773 1.212 6.180 10.900
School enrolment rate of 16—18-year-olds (Y2) (%o) 71.501 9.011 49.560 91.390
Gross enrolment rate of high school level (Y3) (%0) 85.734 14.941 52.980 121.910
Per capita GRDP (Xj) (million rupiahs) 28.386 17.966 12.370 87.360
Proportion of poverty (Xz) (%) 11.245 3.673 3.980 20.320
Gender ratio (X3) 99.373 2.3006 93.900 103.940
Percentage of households with access to proper
sanitation (X4) (%) 77.954 17.292 9.240 98.070
Labour force participation rate (Xs) (%o) 69.369 3.153 58.730 76.600
Student—teacher ratio (X) 18.063 2.934 13.000 39.000
Table 6
Correlation among response variables
Response SER GER
MYS 0.6428 0.4508
SER 0.5943

We calculate the correlation matrix between response variables using equation (5)
and the results are presented in Table 6. The results reveal a high degree of correlation
among response variables, as shown by testing the correlation using the Bartlett
sphericity test approach (Bartlett 1951). The test statistic 169.933 (p-value = 0.000) is
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obtained based on the correlation matrix. Therefore, it is reasonable to conclude that
all responses are significantly correlated, and it is feasible to conduct analyses using a
multivariate regression approach.

Figure 1
Histogram of response variables
(a) MYS (b) SER (c) GER
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Table 7
Kolmogorov—Smirnov (KS) distribution test
Response Distribution Test statistic p-value Log-likelihood
MYS normal 0.1552 0.0004* —281.4215
generalised gamma 0.0664 0.4241 —247.4655
SER normal 0.0572 0.6164 —0632.5494
generalised gamma 0.0510 0.7523 —630.9296
GER normal 0.0708 0.3439 —721.0267
generalised gamma 0.0574 0.6121 —718.7643

Note: * indicates significance at a = 5%.

Furthermore, we test the distribution’s goodness of fit using the Kolmogorov—
Smirnov (KS) test (Conover 1971). Null hypothesis: the empirical data adheres to the
GG distribution; alternative hypothesis: the observed data deviates from the GG
distribution. The pdf of the GG distribution in this study refers to Yasin et al. (2023).
Table 7 shows all response variables, univariately, under the GG distribution,
revealing p-values that are all more significant than the 5% level. This is reinforced
by the log-likelihood value, which is larger than the log-likelihood of the normal
distribution, and the visualisation of the histogram, which is asymmetrical and skewed
to the right (Figure 1). The test yields a statistical score of 0.052564 for the
multivariate response, with a corresponding p-value of 0.7189. The results indicate
that the null hypothesis should not be rejected, suggesting that the SER, GER and
MYS conform to the MGG distribution (Yasin et al. 2023). These findings confirm
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that regression modelling based on the MGG distribution is highly recommended for
this case because it more optimally accommodates information from the variation of
the response variable compared with regression using normal distribution.

Modelling educational indicators using MGGR

Initially, we employ the MGGR model to determine the predictor variables that have
a significant impact on the response variable. Table 8 presents the MGGR model
parameters, which include three response variables and six predictor variables.
At a 5% significance level, we can infer that all predictors have a substantial effect on
Y1, with the exception of variable X5, the factors that significantly affect Y» are
variables X3, X4 and X, and Y3 is influenced substantially by variables X3, X4 and Xs.
The model’s relevance can be evaluated simultaneously by employing Wilk’s
likelihood ratio from the MLRT (Yasin et al. 2024a). The test score is 337.433 and the
p-value is 0.0000, indicating that the six predictors significantly impact the response
variables collectively.

Table 8
Coefficients of MGGR model
Y1 Y, Y3
Parameter
estimate p-value estimate p-value estimate p-value
Bo 1.2221 0.0000* 4.8053 0.0000%* 5.9204 0.0000*
b 0.0054 0.0000* 0.0005 0.6579 0.0002 0.8723
b2 —0.0048 0.0354* —0.0033 0.3210 —0.0059 0.1520
b5 0.0065 0.0003* —0.0053 0.0860 —0.0072 0.0493*
I 0.0015 0.0000* 0.0026 0.0000%* 0.0044 0.0000*
bs 0.0004 0.8572 —0.0013 0.7161 —0.0148 0.0003*
Bs —0.0040 0.0122* —0.0069 0.0036* —0.0010 0.8617
Note: * indicates significance at a = 5%.
Table 9
Optimal spatial bandwidth for each period
Period 2017 2018 2019 2020 2021
Bandwidth 0.4338 0.5706 0.4779 0.5139 0.3496
Deviance 520.1691 555.3310 549.0274 544.4642 526.9951
Table 10
Deviance model based on temporal bandwidth
Temporal
bandwidth 1 2 3 4 >
Deviance 2,703.302 2,581.551 2,594.740 2,602.725 2,587.411
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Modelling educational indicators using GTWMGGR

This study proposes the GTWMGGR model, which is based on information on the
distribution of response variables following the MGG distribution and
accommodates spatio-temporal effects that impact the relationship mechanism of
response variables and predictor variables. This model is applied with the aim of
obtaining factors that affect MYS, SER and GER locally in each district/city
in Central Java. Modelling is conducted using the geographical coordinates of the
central location of the district/city and the period of obsetvation in the parameter
estimation. One important factor in the GTWMGGR model is the bandwidth used
in forming the spatio-temporal weight matrix. In this study, determining the optimal
bandwidth is conducted in two stages. The first stage is selecting the optimal spatial
bandwidth in each observation period using the golden section search method.
At this stage, the optimal bandwidth is determined using the GWMGGR model,
which is an MGGR model that is weighted using a spatial weight matrix. The second
stage is determining the optimal temporal weights of the GTWMGGR model using
the grid search method based on the smallest deviance. The weight function used is
a fixed Gaussian kernel function. The optimal spatial bandwidth for each observation
period is presented in Table 9, and Table 10 presents the goodness of fit measure for
the GTWMGGR model for each period to determine the best GTWMGGR model.
Table 10 indicates that the optimal temporal bandwidth for the GTWMGGR model
is two because it has the smallest deviance, showing that the average diversity of data
up to two previous periods has a significant influence on the current period.

Table 11
Comparison of model accuracy
Model Deviance Log-likelihood
MGGR 2,811.262 —1,405.631
GWMGGR 2,606.462 —1,303.231
GTWMGGR 2,581.551 —1,290.776
Table 12
Model similarity test
No Tested models G2 Df F p-value
1 MGGR 337.4331 18 2.8422 0.0012*
GWMGGR 415.8942 63.0558
2 MGGR 337.4331 18 2.7337 0.0017*
GTWMGGR 436.5983 63.6676
3 GWMGGR 415.8942 63.0558 0.9618 0.5612
GTWMGGR 436.5983 63.6676

Note: * indicates significance at a = 5%.
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Table 11 presents the log-likelihood and deviance from MGGR, GWMGGR and
GTWMGGR models. Deviance decreases in the model change from MGGR to
GWMGGR, then from GWMGGR to GTWMGGR, indicating that GTWMGGR is
the best model. The GTWMGGR model produces the smallest deviance because it
accommodates spatio-temporal effects that impact the magnitude of the relationship
between variables in addition to accommodating the relationship between response
and predictor variables. This finding is reinforced by the results in Table 12 regarding
the similarity between MGGR and GTWMGGR models. This test also indicates the
significance level of the spatio-temporal effect in the GTWMGGR model. Based on
Table 12, the P-test statistic value is 2.7337 with a p-value of 0.0017 (significant at the
1% level), indicating that the GTWMGGR model is significantly different from the
MGGR model. Therefore, the GTWMGGR model is effective in accommodating
spatio-temporal effects that significantly affect the magnitude of the relationships
between response and predictor variables. However, the test in Table 12 row 3
indicates no significant difference between GTWMGGR and GWMGGR models.
Therefore, it should be noted that in this case, temporal heterogeneity does not have
a significant effect, while spatial heterogeneity has a highly dominant effect.

Table 13
Simultaneous test of GTWMGGR model parameters
Source Deviance G2 Df p-value
Null model 3,018.150 436.5983 63.6676 0.0000
GTWMGGR 2,581.551
Table 14
Partial test of GTWMGGR parameters at the 33" location
(Purbalingga district)
Y Y2 Y3
Parameter
estimate p-value estimate p-value estimate p-value
Bo 1.1494 0.0000 4.4996 0.0000 5.2733 0.0000
b 0.0058 0.0000* 0.0005 0.5856 0.0003 0.7850
B —0.0043 0.0212* —0.0049 0.0272* —0.0031 0.3340
b5 0.0081 0.0000* 0.0001 0.9662 0.0010 0.7398
I 0.0015 0.0000* 0.0025 0.0000%* 0.0054 0.0000*
bs —0.0010 0.5874 —0.0032 0.2822 —0.0169 0.0000*
Bs —0.0039 0.0805 —0.0102 0.0000* —0.0062 0.1656

Note: * indicates significance at a = 5%.

After determining the optimal model parameter estimator, we conduct statistical
inference through hypothesis testing of the GTWMGGR model regression
parameters and model interpretation. The results in Table 13 indicate that the null
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hypothesis (Ho) is rejected, suggesting that at least one predictor variable substantially
affects the GTWMGGR model. Subsequently, we conduct partial parameter testing
to determine the predictor variable that has a noteworthy impact on the response
variable at each site. The partial test results for the GTWMGGR model parameters
differ for each observation location due to the spatio-temporal weights used in the
GTWMGGR model. For example, the estimation results and partial test of model
parameters in Purbalingga district (33 location) are presented in Table 14.
The results indicate that at the 5% significance level, predictor variables Xi, Xz, X3
and Xy significantly affect response variable Y. Additionally, predictor variables X,
X4 and X substantially affect response variable Y», while X4 and X5 have a major
effect on response variable Y3. Based on the partial test results at each observation
location, we can group districts/cities that have similarities according to predictor
variables that significantly affect the responses. Eleven groups are identified for MYS
and GER indicators and nine groups for the SER indicators (Table 15). A surface
map is presented in Figure 2 to illustrate the spread of each predictot’s influence on
the respective responses.

Our findings suggest that the achievement of MYS, GER and SER indicators in
each district/city in Central Java is not only influenced by the predictors directly, but
also by the inherent spatio-temporal heterogeneity effect. In 2023, Indonesia was not
included in the top 20 countries and is in 67t position out of 203 countries.
In addition, the average intelligence quotient of the Indonesian population is
considered to be low, emphasising the need for comprehensive education reform to
raise standards and improve global competitiveness [2]. Therefore, it is crucial to
underline that improving education is not the exclusive responsibility of the
government but requires active involvement from all relevant parties. An educational
environment that supports the optimal development of children in Central Java can
be developed through effective collaboration between the government, educational
institutions, the business sector and the community, positively impacting the
educational landscape and other aspects of regional development (Caraka et al. 2021,
Kye et al. 2021).
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Table 15
District/city clustering in Central Java based on the GTWMGGR model
Response Cluster Location Significant variables
1 1 X1, Xz, X4, X5, and X()
2 2,3 X, Xz, X4, and X5
3 4 Xi, X4, Xs, and X
4 56 X, X4, and X
5 7 Xiand Xy
MYS 6 8-11, 15, 22, 23, 30, 32 X1, X5, and X4
7 12, 14, 25, 27-29, 34 X1, Xo, X5, X4, and Xs
8 13, 26, 31 X1, X3, X4, and X5
9 16-19, 35 X1, Xo, X5, X, X5, and Xg
10 20,21 X1, Xo, X5, Xu, and X
11 24,33 X1, Xo, X5, and X4
1 1 X3, }(4, Xs, and X5
2 2,3,28 X1, X5, Xu, and X
3 4, 20, 24 X1, X3, X4, and X5
4 5.6, 8,30 Xaand Xg
SER 5 7 X3, X4, and X
6 9_15, 21-23, 31-33 X, Xu, and X
7 16-19, 35 Xy, Xo, X3, Xy, X5, and X,
8 25-27, 34 X, X, and Xq
9 29 X, X, X3, X4, and X5
1 1,3,16-19, 35 X1, Xo, X5, Xu, X5, and Xg
2 2,4 X1, X5, Xu, and X
3 5.6,7 X, X4, and Xs
4 8,12, 23, 30, 32 X, X4, and Xs
5 9-11, 13, 20, 31 Xo, Xa, X5, and Xq
GER 6 14 X4, X5, and X()
7 15,21, 22, 33 Xjand Xs
8 24 Xy, X4, and Xs
9 25-27. 34 X1, Xo, X5, X4, and Xs
10 28 X1, X, X5, and Xq
11 29 X1, X5, Xa, and Xe
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Figure 2
Surface of the parameter estimates with the GTWMGGR model
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Conclusion

This study proposes the GTWMGGR model to accommodate the effect of spatio-
temporal heterogeneity in the MGGR model. Parameter estimation is conducted by
applying the BHHH algorithm to optimise parameters in the MLE method. Model
inference is conducted with three hypothesis tests, covering overall parameter testing,
partial parameter testing and spatio-temporal model fit testing, determining the test
statistic of these hypotheses based on the likelihood ratio test. The results of
simulation and empirical studies demonstrate that the GTWMGGR model is more
powerful than the MGGR model for data significantly affected by spatio-temporal
heterogeneity. This model implies that the significance of predictor variables on each
response in each location is unique because this model produces localised parameter
estimates. Spatial clustering of each response variable based on predictors’
significance is a novel approach for understanding the mechanism of the relationships
between response and predictor variables in a spatial framework to create specifically
targeted interventions for each site.

However, some notes related to the results of this study must be addressed.
The hat matrix S inadequately characterises the effective count of local shape and
scale parameters. As a result, the estimation of the effective number of parameters in
GTWMGGR may be underestimated due to the difficulty of accurately determining
this number. Therefore, it will be interesting to investigate this issue in more depth in
our future research. Parameter estimation using the GWMGGR model is also time-
consuming; therefore, it is recommended to further optimise the likelihood function
by using a more computationally efficient approaches based on non-gradient
methods. We will also consider the use of Monte Carlo permutation and bootstrap
tests for spatial or spatio-temporal non-stationarity detection as in general GWR
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models. The novelty of this test is its ability to detect which predictors have local and
global effects, leading to the development of a mixed model that incorporates both
variables. The final issue is about mapping GTWMGGR results. A better approach
may be to visualise the estimated coefficients using a three-dimensional mapping
technique combined with simultaneous significance testing for the equality of each
parameter across all dependent variables; however, such simultaneous hypothesis
testing is not available in this study. In addition, no technique or software is available
to perform three-dimensional mapping. Therefore, future research should address
these issues.
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l"(l-* ) (exp(xz;ﬁ/ej* ) - CXP(X§5(/<-1),'* ) Oy ) .

+7,

X Tk (eXP(Xz;fs/«i* ) - eXp("}/?(/e—l)i* ) — O+ )_1

T}

7

e .. 2
A2. Distribution of the statistical test GG’[R

G =2 L Q) 1 ) |5t

If L(Qp ) and L(dgp) represents the GTWMGGR log-likelihood under
population and log-likelthood Ho, So,

2 ZZ(L(%) —L(a)m)) ~2( 1)~ @)

L(a)G»,R) function can be approached by Taylor’s second-degree expansion around

A

QGTR as follows.
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L(a)cm) zL(QGJR) +g(fzc,’u<)(wc1x _Q(;u{) _é(a)(;u{ _QGJR)T [I(QYR)J(@;’[R _ch{)

) alnL(QGTR)
here g\ Qem )= —r0 o
where g( GTR) G(QGTR) [O Yo SN )
2
I(QG’IR):_ ‘ lnL(QGTR) T
a(QGTR)a(QGTR) Qe =Qerm

Because g(QG,R) 0, then
a)CJR ~L(QGIR) (wGTR QGTR )T [I(QGTR ):|(wGTR _QGTR)
Z(L(QGIR ) - L(“’G/R )) ~ (QG/R — Dorr )T |:I(QG"]R )](QG’IR — Werr )
Then, L(a)GTR) function also approached by Taylor’s second-degree expansion
around ClA)GTR as follows.
e i) 6f Ot ~i0) ) [ )
Because g (QGTR ) =0, then
L(wG’lR) ~ L(é)G']R) a’G/R W T [I(Qcm J Dcrr — (?)G’IR)
Z(L(é’cm) _L(wcm)) (a)GTR a)GYR)I [I(QGR)}(WGTR _a)GTR)
Therefore, GéTR can be written as
Ce=2{L( Q)T @) ) ~2 L @)~ 1 @)
G = (QGTR ~ gy )T |:I (QGTR ):| (QGTR — Ogrr ) - (aA)GTR ~ Werr )T [I(Q(;TR ):| (aA)GTR ~ D¢y )

Qcx and @y are estimated by the MLE method, so we can partition the two

parameter vectors as follows.
R N N T
*T T
%R:[sm ®1C{IR:|
Y TNPWHEUE /)
where ?’GIR |:?’11 521 ) "-)’Kl "‘512 ?’22 "‘51<2"'§1n ?’2” ﬁKn:| )
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n n N R N T
,3021 ﬁom ' :Bo1z ﬁozz "'ﬂOKZL "':Bom ﬂ()Zn "':B()Kn } .

. T
_ 1
Dk =| O e lelR:|

. . T
where O, x :[ﬁgocm A /1 ﬂm Tt Ton 7, 5" 5T 8! ] and

on ~ ol

A A

ﬁa}()GjR [ﬂw()ll ﬂa)()Zl ’ ﬂa)()Kl 'ﬂw@/ei"'ﬂwoln ﬂmozn :Bwom] .

Using block matrix theory, the quadratic form
A T A A
(a)(;]R - a)G_[R) [I(QGjR )}(COGIR - a)G—[R) can be written as follows.

(@ere = @ere) [T ) |(@ern —@er ) =

{ B H[Iu][rnr[lm] [Ilz]}[ 2 }
(:)IGTR_GZAGTR [121] [122] (;)IGTR_ .

®(olGTR

The quadratic form (QGTR — Opr )T [I(QGTR )}(QGTR - a)GTR) can be written as

(QGTR — Ocrr )T [I(QGTR ):|(QGTR — Wcrr ) =

follows. . T .,
{ ﬁGTR } {[111] [112]}{ Borr }
®ICTR 0O ,icrr [121] [ ] O crr — ®;1CTR

Therefore, the statistical test GG’[R can be simplified to

—1 A%

GTR ~§GTR[ 11]5671{ 5(71{[ 12][1 ] [121]5671{ ~567R[Il1] Bk -
So, this can be obtained:
1

bt N[0 1] Joond [1 T N 01,

Thus, it is obtained that:

1 T 1
e =2{ 62 o) | [T i | [T |
1

where z=[1"| 28 —Z>N(0,1,4,).
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3
pKn is the number of elements of vector Bk, However, according to the

determination of the degrees of freedom in the GWR model by Fotheringham et al.
(2002), df., can be approximated by the effective number of parameters in the

GTWMGGR model, which is defined as

Aog = Ztr =Ktr(S)

where s express the GTWMGGR projection matrix which written in equation (22).
Accordingly, it can be concluded that Gern —”iw—) )512{ w(s)- ™

A3. Distribution of the statistical test Z ,;

A

__ D < N(0,1)

Z/"-l’ —/ A n—0
var ( ﬂj/ei )

If L(Q’GTR) and L(aA)éTR) represents the GTWMGGR log-likelihood under

population and log-likelihood under Hy to test the significance of parameter partially
at /~th location.

i . . ..
Q c1r and @, are estimated using MLE method, so we can partition the two

parameter vectors as follows.
A A N T
Qorr = ﬂjla‘ [GZGTR] ,

A QT T
where ®2GTR |:ﬁ011 ﬁlll /B 1)ki IB,+1 ) IBpKt A4 T, 61':| ,and
A 5 "
@Derr = [0 |:®mGTR:| :|

where @ =|:ﬂa)0i Poonii :Bw( J-)ki :Bw( JHE ﬂa)pKz A T 5Z»:| .

Therefore, we can obtain that:

Zcz;m z(Bj/ez’ _O)T ([111]_[112][122]71 [121])(ﬁjéi _0)
(B=0) [1'T (B ~0)

Al

Q

1
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Based on the asymptotic normality of the MLE estimator, it is known that:
VL (00, ~E(00 ))—4> N [0,[1(15((3)2..”{ ))]1) :
where 1 (G:)ZTR ) is Fisher Information matrix for GTWMGGR parameters at /~th
location. Hogg et al. (2019) they stated that:

16010 ) = cov (06 )] =~ (06 [ 8(€4r )] )=~ E[1 (%)) a0
(100 )] [+ {61 ]]

So, we can conclude that:

A

2 32 \//'\ 3 - _ ﬂjz d .2
ZG7R ~ /}éj|: ar(ﬂ/kz )j| \/];I-(B ) =00 ’Zl 5
Jki

. 2 . . .
or, using the square root of ¥R , we can obtain the following test statistic.

A

Z i 5N (0,1),

B
\/\/]a\r(ﬂ/\/b) o

Var( ﬂ/@.) is the main diagonal element corresponding to 3 % of the matrix

A{n(em)]

A
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