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The alternative
inequality index, an extension of the Amato
index, which we term the extended Amato
index. The original Amato index, which
represents the length of the Lorenz curve and
forms part of the inequality zone's perimeter,
serves as the foundation for this extension.
The authors derive this index by computing
the ratio of the inequality zone's perimeter to
the inequality triangle's perimeter, both of
which emerge from the egalitarian line and
the Lorenz curve. The study apply the
extended Amato index to empirical and
Lorenz function formulations, using data on
income employment per household from
The Ghana Living Standards Survey IV. The
results suggest that the extended Amato
index fulfils all properties of the inequality
measure, except egalitarian zero. However,
the authors rectify this by performing
minimum-maximum scaling adjustments on
the extended Amato index, yielding the
adjusted extended Amato index, which
satisfies all properties of the inequality
measure, including egalitarian zero. The
empirical findings reveal high levels of
income inequality in Ghana in 1998, as
indicated by the value of the extended Amato
index. Furthermore, when the value of the
extended Amato index is calculated using the

research  proposes an

Lorenz function formulation, the accurate
specification of the Lorenz function is
validated due to its strong alignment with the
empirical Lorenz curve. Ultimately, these
tindings can guide policies aimed at reducing
inequality through wealth redistribution.
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Introduction

The Lorenz curve, introduced by Lorenz (1905), provides a graphical depiction of
wealth distribution inequality (Kocziszky et al. 2018, Kashour 2023), and is frequently
employed to visually represent income inequality. Furthermore, the Lorenz curve is
applied extensively in various research fields to analyse disparities, including in public
health (Chang—Halfon 1997, Kobayashi—Takaki 1992), public transport (Delbosc—
Currie 2011, Raza et al. 2023), medical research (Lee 1999), social welfare analysis
(Foster—Shorrocks 1988, Sitthiyot—Holasut 2020, Slottje 1989, Wang et al. 2009),
industry (Smith 1947), ecology and bionomics (Damgaard—Weiner 2000, Harvey et
al. 2011), agricultural analysis (Sadras—Bongiovanni 2004), hydrology (Lu et al. 2021),
and residential energy use (Szép et al. 2022).

The Lorenz curve serves as a useful tool for analysing the income distribution
within and between diverse income groups and evaluating income inequality within a
specific region. The Lorenz curve, represented by line OEC, is shown in Figure 1.
Mathematically, the Lorenz curve is a function that depicts the relationship between
the cumulative proportion of income (q; 0 < g <1) and that of households
(p; 0 < p < 1). The functional form of the Lorenz curve with the parameter vector
0 is defined by L(p; 8) (Aggarwal 1984, Basmann et al. 1990, Chotikapanich 1993,
Gupta 1984, Hossain—Saeki 2003, Kakwani 1980, Kakwani—Podder 1973, Ortega et
al. 1991, Paul-Shankar 2020, Rasche et al. 1980, Rohde 2009, Sarabia 1997, Sarabia et
al. 2001, 2010, 2015, Schader—Schmid 1994, Wang et al. 2009).

Figure 1
Visualization of the Lorenz curve and inequality zone
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In Figure 1, the horizontal axis p represents the cumulative proportion of unit
households, and the vertical axis q represents the cumulative proportion of income
received by the cumulative proportion of households. The egalitarian line OBC serves
as a reference line indicating perfect equality, where the cumulative proportion of
households is equal to that of the income (q = p). This condition indicates a
scenario in which household income is distributed equally, with each household
receiving the same income. The zone W (OBCE) is defined by the egalitarian line
and the Lorenz curve. Note that within this zone, two subzones emerge: subzone
W, (OBE), and subzone W, (BEC), with the line of symmetry serving as the
boundary between them.

The zone OBCE represents the segment of society in which income inequality is
present. An expansion in this area signifies a rise in income inequality, whereas a
contraction indicates a decrease in inequality. Consequently, the area of the inequality
zone is incorporated into the computation of the Gini index, which is calculated as
the ratio of the area of OBCE to the area of the triangle OAC (Sitthiyot—Holasut
2020).

In this study, we propose that in addition to the area of the zone OBCE, we can
also use its perimeter to measure income inequality. Note that as the inequality zone
expands, both its area and perimeter increase. This suggests that the Lorenz curve
deviates further from the egalitarian line, signifying a higher level of income
inequality. Conversely, if the inequality zone contracts, both the area and petimeter
decrease, indicating that the Lorenz curve approaches the egalitarian line, which
reflects a lower level of income inequality.

Note too that the length of the Lorenz curve is one of the components
contributing to the perimeter of the inequality zone OBCE, and is also an Amato
index, as described by Amato (1968) and Arnold (2012). Compared with other
indices, such as the Pietra index (Pietra 1915), Kolkata index (Banerjee et al. 2019,
2020, Chatterjee et al. 2017), and Zenga index (Greselin et al. 2010, Langel-Tillé
2012, Zenga 2007), the Amato index provides a more comprehensive representation
of inequality. Furthermore, it can be associated with the asymmetry of the Lorenz
curve, with the Amato index demonstrating consistency with the size of the
inequality zone OBCE.

Therefore, this study proposes an alternative measure of inequality that
incorporates the perimeter of the inequality zone OBCE and that of the triangle OAC
(the inequality triangle), represented as the ratio of the perimeter of OBCE to that of
OAC. We refer to the proposed measure of inequality as the extended Amato index,
given that the Amato index represents the length of the Lorenz curve, which is a
component of the perimeter of OBCE, as discussed earlier. The extended Amato
index demonstrates consistency with the size of the inequality zone OBCE. When the
size of OBCE increases, so does its perimeter, resulting in a higher extended Amato
index. Similarly, a reduction in the size of OBCE leads to a decrease in its perimeter
and in the extended Amato index.
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Basic theory

Lorenz function

Suppose the function L(p; @) has a parameter vector 0 and is continuous in the
interval [0,1]. Then, the function is a Lorenz function if it satisfies the following
criteria (Hossain—Saeki 2003, Paul-Shankar 2020, Rohde 2009, Sarabia 1997, Sarabia
et al. 2010, 2015):

Lp=0;0)=0; Lp=16)=1 L'(p;0)=0; L"(p;0) 20,
where L'(p; 0) and L"(p; @) are the first and second derivatives, respectively, of
L(p; 8) with respect to p. Accordingly, the criteria L'(p; @) = 0 and L"(p;0) = 0
guarantee that the Lorenz function L(p; 0) is convex in the interval 0 < p < 1. This
convexity aptly describes how disparities in an income distribution affect the
egalitarian line.

Proportion cumulative

The initial and crucial step in estimating the parameters of the Lorenz function
involves constructing p; and q; based on the observation order index and on
household income xj,j =1,..,N (W is the number of sample households),
respectively, as follows:

a) Arrange the data set as presented in Table 1.
Table 1

Layout data set

Sample households, j Household income
1st household X1
2nd household Xy
N'th household X

b) Then, sort the x; variables in ascending order, implying that households adjust
to their household income, as presented in Table 2.

Table 2
Sorted results based on the data set in Table 1
Ordered sample households () Ordered household income x(j
1st household X1
2nd household Xy
N'th household Xy
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¢) Construct p; and q; using the cumulative proportion from Table 2, as follows:

Table 3
Data p; and q;
Di qi
Po=0 Go = (x))/ ilo Xy = 0,y = 0
pr=(0+1)/T,i a1 = () + X))/ ZiLo X
pa=(0+1+2)/3,i a2 = (x) +x) + %)/ Zio X
pi=0+1+2+-+ i)/zg\ioi q; = (X(O) +X@) t X+t x(i))/Z{‘io X (D)
. XN . _Z{‘ioxa)_l
N = - = N oy - =
i, XX

The nonlinear least squares method using
the Levenberg-Marquardt algorithm

In this study, the parameter vector 6 of the Lorenz function L(p; 0) is estimated using
the nonlinear least squares estimation method. Accordingly, an estimate of 8 is
obtained using parameter estimation in L(p; @) by minimizing $*(0):

1
ming S*(6) = ming (¢ - L®:8) (¢ — L(»: 8))

= ming 5 £(6)"£(®)

»
1
= ming EZ(fi(a))z,
i=0

qo Po Zl
where q* = q:1 P = ’p:1 ,0 = :j ,and d is number of parameters.
dn P 9.4

Eq. (9) adopts the idea of the distance between the empirical and theoretical
distribution functions used in the Kolmogorov—Smirnov test. This distance is inferred
between q*, representing the cumulative proportion of income obtained empirically
from the data, and L(p; 6), indicating the Lorenz function. The Lorenz function is
also a nonlinear function, which makes the objective function S*(0) intricate and
dependent on the specification of the functional form of L(p;0). Consequently,

solving the minimization process of the objective function S*(@) analytically is
difficult.

»
1
5(0) = EZ(%' — L(p;; 9))2-
=0

The first derivative $*(0) with respect to p;, is
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as*(0) —
dp; = _;(Qi —L(p;;0))L (p; 0) .

The second detivative $*(0) with respect to p; is

i25'(6) <
dp§ ) z ((L’(pi; 0))" = (¢: — L(pi; O)L" (s 0))-

i=0

. . . . ..ds*(e dzs*(e
The objective function $*(0) is a convex function if d( ) >0 and —dp§ ) > 0,
i i
depending on the specification of the functions L'(p; @) and L (p;8). This rule
implies that the objective function $*(8) is not necessarily a convex function. As a
result, we require an iteration process to obtain a convergent estimated value of 8. In

addition, it is crucial to acknowledge that during the estimation process, we may

encounter a local minimum for $*(0). The estimator 8 represents a local minimizer:
S*(@) < 5*(0) for ||0 -0 || < €, where € is positive and very small.
In each iteration of L(p; @), the parameter vector 6 is updated with 8 + 8. To
determine &, the function L(p, @ + &) is approximated by linearization, as follows:

. . _0L(p;0)
Lp;0+8) ~L(p;0)+]'8, [ =—07—

Thus,
1
$*(0+96) ~ E(q* —L(p;0)—J8"(q" - L(p;6) —]*6)

= 2FO)TF(®) + 8 (8) + 55775
5(8) = 5(8) + 87JTf(0) +5 8778, M

where —J* =], ] =_a;(;(00)'] € RV*4,

In Eq. (1), we determine the first derivative of 6, yielding
§'(8)=5"(0+8) =]"f(6) +]']8. ()
The Gauss—Newton step 85, obtained from the first-order condition in Eq. (2)
becomes
8en = —UNYTS(O), (3)
where J is a full-rank matrix. In Eq. (3), we modify the component (JTJ) by adding
the damping parameter A in the component, yielding:
8im = —UTJ + ) YYTf(6),2 20, 4)
where 6y, is the Levenberg—Marquardt step, and I; is the identity matrix of
dimension & X d. If A = 0, Eq. (4) becomes a Gauss—Newton step, if 1 is close to
zero, Eq. (4) tends to be a Gauss—Newton step, and if 4 is very large, Eq. (4) becomes

1o
8.0 =~ (0). (5)
Eq. (5) is the steepest descent step. This equation shows that the damping
parameter A greatly affects the direction and size of the step; as a result, we perform
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an iteration process to obtain the estimator 0. Furthermore, note that the parameter
A can be updated during the iteration process, and is controlled by the gain ratio
(Madsen et al. 2004),

_ S0 =50+ i)

288, (A81m — ()

When the value of @ is large in Eq. (6), then §(68yy,) is a good approximation

for $*(0 + 6y,), and the value A can be decreased, bringing the Levenberg—

Marquardt a step closer to the Gauss—Newton step. However, if the value of & is

small, then §(8)) is a poor estimate for $*(6 + 8}yy,), and the value of 4 should be

increased. The Levenberg—Marquardt algorithm for minimizing $*(0) is as follows
(Madsen et al. 2004):

1. Set the initial value 5(0) for 8 and A(g) = A* max (diag(fgo)f(o))), where A" is

a very small and positive number.
2. Forr =0,1, ..., calculate the following:

A -~ —1A _~
Simy) = ~UtnJ ) + 2nla) T f(0r)
5"(0(r)) = S* () + 8imm)
1 - —
58T (A Bimen =Ty f(8c))
a. If @4y >0, then
0(r+1) = e(r) + 61m(r)
1 3
/1(7‘+1) = A(r) max (5, 1- (Zq)(r) - 1) ); f(r) =2.
b. If CD(T) < 0, then
9(r+1) = B(r) + Slm(r)
A1) = Ayl

) = 200 -
3. The r-th iteration stops if ||0(r+1) - B(r)” < €, where € is also positive and

@ (6)

Py =

very small.

4. From Step 3, the algorithm produces the estimator 0.

To ensure convergence when estimating the parameter vector 8 in the Lorenz
function L(p; @), the initial value in the numerical process is set according to the
parameter domain. For example, in the estimation of the Rohde—Lorenz function
(Rohde 2009), where the parameter ag has a domain of (1, o), the initial value of
Ag(o) 1s set as Ag(gy > 1 in order to obtain the estimator dg and achieve convergence.
Conversely, convergence does not occur if the initial value of agy < 1.
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The Amato index

The Amato index is formulated as follows (Amato 1968, Arnold 2012):

1
Iy = f J1+ (W 0))2 dp. %)
0

Because 0 is estimated by 0 using the nonlinear least squares method and the
Levenberg—Marquardt algorithm, Eq. (7) becomes

1
&:L h+@@ﬁn%p ®)

Based on empirical data, the Amato index is also formulated as follows (Arnold

2012):
N
I =%Z () ©)
]:

The greater the Amato index value, the greater is the income or expenditure
inequality in society. This index has an interval of [v2,2]. An Amato index value of

V2 signifies that the income equality is perfect, and the Lorenz curve is an egalitarian
line. However, if the Amato index is equal to 2, then the income inequality is perfect.

Properties of inequality measures

Several properties are ideally inherent in a measure of inequality, although not all of
them need to be satistied. These properties, as discussed by Cowell (2011), Cowell—
Flachaire (2002), and McAleer et al. (2017), are as follows:

1. Symmetry: The value of a measure of inequality should not depend on assigning
a particular label to the unit entity within it.

2. Scale Independence: A measure of inequality should remain unchanged if the
income of each resident or household is multiplied by a constant.

3. Non-negativity: Every measure of inequality has a value greater than or equal to
zeto.

4. Population Independence: The measure of inequality should not depend on the
number of units or individuals in the population under consideration.

5. Egalitarian Zero: When all residents or households have the same income, the
measure of inequality should be zero, indicating perfect equality. However, the
Amato index, which is based on the length of the Lorenz curve, cannot reach
zero when there is perfect equality, because the Lorenz curve coincides with or
becomes an egalitatian line.

6. Bounded Above by Maximum Inequality: A measure of inequality should have
a maximum value of one. This value reflects that there is maximum inequality

(perfect inequality).

Regional Statistics, Vol. 14. No. 3.2024: 1-25; DOI: 10.15196/RS140303
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7. Transfer Principle: If income transfers occur among members of the population,
the measure of inequality must necessarily change in comparison to a scenario
in which no income transfers take place, and thus be sensitive to such income
transfers.

Data

The employment income data per household were obtained from the Ghana Living
Standards Survey IV, conducted by the Ghana Statistical Service in 1998. The survey
successfully enumerated 5,999 households out of a target of 6,000. However, owing to

insufficient entity records in one completed questionnaire, one household was
excluded from the data set. As a result, the final data set comprises 5,998 observations.

Constructing the proposed extended Amato index

The extended Amato index is constructed as follows (see Figure 2):

1.

Identify the boundaries of the inequality zone OBCE and the triangle OAC to
determine the perimeter of both zones.
Construct the general formulation of the perimeter of the inequality zone
OBCE and the triangle 0AC, as follows.
a. General formulation of the perimeter OBCE:
posce = Losc + Lorc L
where pgpeE is the perimeter of OBCE, Lgge is the length of the line OBC
(the length of the egalitarian line, and Lggg is the length of the line OEC
(the length of the Lorenz curve).

b. General formulation of triangle perimeter OAC:
poac = Losc + Loa + Lac o
where pgag is the perimeter of triangle OAC, Lgg is the length of line OA,
and Lz is the length of line AC.

Construct the formulation I, as follows:
I = pOBCE’ (10)
PoAC

where I is the extended Amato index.

From Eq. (10), we have the following:

a. the extended Amato index based on the empirical formulation using the
original data x; and Eq. (9); and

b. the extended Amato index based on the Lorenz function formulation using
p; and q; (the observation sequence number and x; must be transformed
into p; and qj, respectively, using the cumulative proportion) and Eq. (8),
which is calculated using the nonlinear least squares method and the
Levenberg—Marquardt algorithm.

Regional Statistics, Vol. 14. No. 3. 2024: 1-25; DOI: 10.15196/RS140303
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Figure 2
Flowchart of the extended Amato index construction method

Identify the perimeter of the inequality zone
OBCE and the perimeter of the triangle OAC

v

Construct the formulation from the perimeter of the

inequality zone OBCE and the perimeter of the triangle
OAC

v

Construct a custom formulation:
the perimeter of the inequality zone OBCE
the perimeter of the triangle OAC

v

The extended Amato index has two versions, namely: (1) The Z
extended Amato index version of the empirical formulation
based on the original data x; and Eq. (8), and (2) The extended
Amato index version of the Lorenz function formulation
based on p;and q;, and Eq. (9), which is calculated using the
nonlinear least square method through the Levenberg—
Marquardt Algorithm.

A

Examination of the properties of the inequality measure: symmetric, scale
independence, non-negativity, population independence, egalitarian zero, bounded above
by maxinmum inequality, and transfer principle.

Make adjustments to
the extended Amato
index through
specific formulations
that depend on
properties that
cannot be satisfied

Does the extended Amato index not
satisfy at least one of the properties
of a measure of inequality?
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5. Examine each of the properties of a measure of inequality (i.e. the symmetry,
scale independence, non-negativity, population independence, egalitarian zero,
bounded above by a maximum inequality, and transfer principle) for the
extended Amato index (I}) from the result of Step 4a.

6. If the extended Amato index fails to satisty at least one of the properties in
Step 5, we adjust the index. However, if it meets all the ideal properties of a
measure of inequality, then we can use it to conduct the analysis.

Results

The extended Amato index

Proposition 1
The measure of inequality proposed in this study is as follows:
~ N2+,

A T 242
where I, is the extended Amato index based on L(p; 0).

Proof:

Based on the information from Figure 1, Eq. (10) can be formulated as follows:

= Losc + Logc _ Losc + Lip:e)
= = .

(11)

(12)
POAC POAC
Furthermore, from Figure 1, we have
Loge = \/(Lm)z + (Lzp)? = V12412 =2
poac = Loa + Lac + Losc
=1+1+V2=2+v2, (13)

where Lgge is the length of the egalitarian line p = g, which is also the hypotenuse
of the triangle OAC. Next, substituting Eq. (13) into Eq. (12), we have

Ir = \/E + ['L(Pig) (14)
A - .
2++2

Because the length of the Lorenz curve (['L(p;e)) is the Amato index, Eq. (14)
becomes

I*_\/EHA
AT 242
V2 + 1/1+ L'(p;0))’ d
= J (@:0)) - (15)

2+42
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Based on Eq. (15), 8 is estimated by 8. yielding

N VZ+ [y /1 + (L'(p;ﬁ))2 dp | a6

4 2++2
2+,
2+V2
Based on Eq. (16), the extended Amato index can also be formulated empirically
by inserting Eq. (9) into Eq. (16), yielding

i () +1

2+2

Egs. (16) and (17) are called the extended Amato index based on L(p; 8) and an
empirical formulation, respectively. Note that when calculating I, the Monte Carlo
integration approach can be applied to integral components that cannot be solved
analytically (Givens—Hoeting 2013).

lp= (17)

Proposition 2
I; has an upper and lower bound of [0.82843,1].
Proof:

Assuming there is perfect equality in the income distribution, meaning all households
have the same income, the Lorenz cutve would coincide with the egalitarian line, thus

making the lengths of the lines equal. This leads to the following formula for the
lower bound of [} (€1

3
_V2+V2 22
MT24V2 2442

However, when there is perfect inequality in the income distribution, the Lorenz

curve reaches a triangular shape OAC. In this case, the perimeter of the inequality zone
is equal to that of the triangle OAC. This yields the following upper bound of I ()

V2 42

=1
A 2442
Based on Egs. (18) and (19), I has the interval [0.82843,1]. Note that when the

value of I approaches one, the level of income inequality becomes more pronounced,

~ 0.82843, (18)

=

’M/IA

(19)

and vice versa. However, the closer [} is to 0.82843, the more the income is equally
distributed.

Properties of I;

In this section, we examine the properties of I as a measute of inequality in detail.
The properties are as follows:

Regional Statistics, Vol. 14. No. 3.2024: 1-25; DOI: 10.15196/RS140303
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a. Symmetric
The value of the measure of inequality should not depend on assigning a particular
label to the unit entity within it.

L, X, e, Xr) = L (0, X4, o, Xv) = L Ocpr, Xpr— 1, o) X1)

I*_\/E+%<\/(%)2+1+\/(%2) +14-+ (x) +1>
4 2442
_m%(J(%)ZHJ(%) Pt (f)m)
B 2442
\/§+%<\/(’§73)2+1+\/(%) 14t (j{)2+1>.

2+2

b. Scale independence
If each individual or household income is increased by multiplying by a constant,
then the inequality does not change

* .
5

Suppose x; = kx;,k > 0,%

1
) V2+5: 3, +1 \/_+NZ kx

I —
A 2+\/_ 2++2
1 x.2
V23 |(F) +1
- 2+2 '

c. Non-negativity
Each measure of inequality should have a value greater than or equal to zero.

Consider the formulation of I; (because X is a non-negative variable, x; > 0).
Then, I; > 0.

d. Population independence

The measure of inequality does not depend on the number of basic units within
it. Suppose two identical regions, each region with N households, are measured
for income inequality (in terms of household income level) and have the same
inequality value. If the two regions are combined, the result would be a total
population of 2N households. This shows that the measure of inequality does not
change if there is an increase in the number of members of two identical
populations.
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Region 1

) \/_+N2 (xlll) +1
i, = T .

Region 2
X2i
. \/_+N2 (2) +1
42 = 2+2 '

Regions 1 and 2 are assumed to be identical, and when merged, x;; = xp;, X1 =
X2,

2

2 x;
\/_+2N (f) +1

Iy, =
12 = 242

Because they are identical, in Region 1, each unit has an income of

o 1 _
X; = Xq; + Xy = 2Xx1; = 2Xy;, yielding an average of X* = FZ{L 2xq; = 2%, ,

and

\/_+NZ (qu) +1

lir2 = 242
1 N lei 2
V2+ 5T (2921) +1
B 242
1 N X1i
Vsl (3 )+1_~*
2+2 At

For example, suppose there are two regions, namely, Region 1 and Region 2, in
which households have identical incomes (in USD), as follows:

Region 1: {10,000, 5,000; 3,000; 4,000, 20,000; 1,000}

Region 2: {10,000, 5,000; 3,000; 4,000, 20,000; 1,000}

If the two regions are merged, they become

Region 1 and 2 merged: {10,000; 10,000; 5,000; 5,000; 3,000; 3,000; 4,000; 4,000,

20,0005 20,0005 1,000 1,000}.

Therefore, based on Eq. (17), the extended Amato indices for Regions 1 and 2

and for both regions combined produce the same value of 0.86036 (see Table 4).
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Hypothetical example for proving the property of

population independence

Table 4

Region 1 and Region 2

Region 1 Region 2 are merged
N2 N2 .2
X1 (@) +1 X2i (@) +1 x{ ()f—‘k) +1
X1 Xy x
10,000 1.71668 10,000 1.71668 10,000 1.71668
5,000 1.21932 5,000 1.21932 10,000 1.71668
3,000 1.08408 3,000 1.08408 5,000 1.21932
4,000 1.14522 4,000 1.14522 5,000 1.21932
20,000 2.96446 20,000 2.96446 3,000 1.08408
1,000 1.00969 1,000 1.00969 3,000 1.08408
4,000 1.14522
4,000 1.14522
20,000 2.96446
20,000 2.96446
1,000 1.00969
1,000 1.00969
Total 43,000 9.13945 43,000 9.13945 86,000 18.27889
Average 7,167 1.52324 7,167 1.52324 7,167 1.52324
Number of
obsetvations 6 6 12
)
I; 0.86036 0.86036 0.86036

Table 4 offers information about the computation of the extended Amato index
for two regions with identical household incomes, both separately and when merged.
The extended Amato index retains the same value, even after merging the two regions,
indicating that the number of observations (i.e. the population) does not affect the
extended Amato index.

e. Egalitarian zero

If all households have the same income, then the income inequality is zero.

o1
Suppose x; = x,X = ﬁzg‘ilx = x,and

*

A

2
V2Bt vaev o

24+2

242 2+42

-

I; #

0.

In this context, I; does not satisfy the egalitarian zero property. The inequality
zone coincides with the egalitarian line when the household incomes are equal.
Hence, the component of the remaining perimeter of the inequality zone is simply

the length of the egalitarian line, and thus I; will never be zero.
f. Bounded above by maximum inequality
When a measure of inequality has a maximum value of one, we have maximum
inequality (perfect inequality). In this case, the Lorenz curve forms the shape of
a triangle OAC, where the perimeter of the inequality zone OBCE becomes equal
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to that of the triangle OAC. This makes I, (the length of the Lorenz curve) equal
to two, and thus

i N2+, V242

*

- = =1
YT 242 2+42

g. Transfer principle
If income transfers occur among members of the population, the measure of
inequality must necessarily change in comparison to a scenario in which no
income transfers take place, and thus be sensitive when such transfers occur. For
example, suppose in a region that out of N households, only the first household
transfers its income of Y (Y > 0) to the second household. Here, the income of
the first individual is x; — Y and that of the second is x, + Y. Thus, the inequality
before and after the transfer must differ.
— Extended Amato index before transfer:

Vi () +1

T

4 2++2
V2 + 4 \/(ﬁ)2+1+\/(x—2)2+1+---+ (x—N)2+1 w
ARASS x x 1
= LX=— ) x
2+\/§ Ni=1 l
— Extended Amato index after transfer:
1 %, — Y\? \/x2+ 2 X\
(R e ) e (3 41
1**=
4 2++2
1
f*=ﬁ((x1—Y)+(x2+Y)+x3+---+xN)=J?
1 x; — Y2 Jx2+Y2 X\ ?
(T B e [ e
4 2+2
1( [x2=2x,Y + Y2 Jx§+2x2Y+Y2 X \2
\/§+W<\/ = +1+ = +1++ (7) +1
B 2+42
1 x12+1+ =20 Y +Y2) x§+1+ 2 Y +Y2 L)
VZ+5:| |32 Tox2 )7 |x2 A (T)
B 2+2

The value of the inequality index changes due to transfer, I; # I".
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The adjusted extended Amato index

The extended Amato index did not fulfil the egalitarian zero property, because of the
perimeter concept that includes the length of the Lorenz curve, which cannot be zero.
In order to address this limitation, the extended Amato index can be scaled into the
domain of values between zero and one. The scaling process assigns a lower limit of
zero and an upper limit of one to the index, ensuring a standardized scale. In this
study, we apply minimum-maximum scaling. The adjusted extended Amato index I

is calculated as follows:
3

.2

AT 5 3
1;5#:(“27)1;—2(1“/5)

1--Z

2+2
A 3 ~ 2,
I; = (3 + 27> I; —2(1+v2) ~ 5.82843[; — 4.82843  (20)

5 3\ _ -
L = (3 + 27> I; —2(1++2) =~ 5.82843[; — 4.82843. (21)

Egs. (20) and (21) use the extended Amato index based on L(p; 9) and on the
empirical formulation, respectively. Because I, is derived from I;, which satisfies all
properties of the inequality measurement index except egalitatian zero, we construct
I, to overcome the weakness of the egalitarian zero in I; and, thus, I, a,, satisfies all
of the aforementioned properties of an inequality measurement index.

Empirical study

By constructing an empirical Lorenz curve, the cumulative proportion mechanism
transforms the income employment per household. The candidate Lorenz functions
used in this study are as follows:
1. The Lorenz—Hossain and Saceki (Lorenz—HS) function
The Lorenz—HS function is specified in Eq. (22) (Hossain—Saeki 2003):
Lys(p; 91,02, 95) = pP1e”®~D(1 - (1 - p)%). (22)

This function contains three parameters, @ys = (91 9, 93)T, which have domains
97 20;9, 20;and 0 < 03 <1, respectively. The Amato index derived from
Lys(p; 91,9, 93) using Egs. (1) and (2) cannot be solved analytically, but the solution
can be solved by using a Monte Carlo approach. In addition, because 8y is estimated

by @HS = (91 192 193)T, the Amato index is formulated as follows:

M

A 1

Iy_pys = ” Z:]HS(Zt):l =1,...M, (23)
=1

where
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Tus(z) = (1 + 0,e%2@D(1 = (1= 2)%)z77 +8,e%@D(1 - (1 - 2)%)z%
+1§3e192(zl—1)(1 _ ZL)193—1ZL191)2 )1/2 .
Here, z, is generated from the uniform distribution (0,1). Accordingly, the
generated units of z, are represented by M; in this case, M is a large number.
Based on Eq. (23), the adjusted extended Amato index is formulated as follows:

V2 + Iy_ys

2+V2
2. The Lorenz—Kakwani function
The Lorenz—Kakwani function is specified in Eq. (24) (Kakwani 1980):
Lyc(p; 61,68,,83) = p — 8,p%2(1 = p)°s. (24)
This function contains three parameters, 85 = (81 8, 85)T, with domains 0 <
6, <1;6, 2 1;and 0 < 83 < 1, respectively. Furthermore, recall that the Amato
index detived from Ly (p; 6y, 8,,83) using Egs. (1) and (2) cannot be solved
analytically, but can be solved using a Monte Catlo approach. Furthermore, because

. 3\ . .
[ins, = (3 + 22) Dions —2(1+V2), [jps =

0 is estimated by 83 = (81 5, Sg)T, the Amato index is formulated as follows:

M
R 1
Ly = 7 Zf]x(z[),t =1,..,.M, (25)
1=
where

I5c(z,) = (1 +(1-46,8,(1- ZL)$3ZL32_1 +6,65(1 — ZL)33-1ZL32)2)
Based on Eq. (25), the adjusted extended Amato index is formulated as follows:
NES

2+V2

1/2

N 3\ . .
I;_xn == (3 + 22> IZ—K - 2(1 + ﬁ), IZ_]C -

Table 5
Parameter estimation results of
the Lorenz—HS function and Lorenz—Kakwani function
Lorenz—HS function Lorenz—Kakwani function
estimator value estimator value
B, 12.67454 81 1.00000
3, 0.00000 5, 1.00000
By 0.66796 8, 0.14569
MSE 1.23662 x 10 MSE 8.24736 X 10-3
MAE 5.67930 x 10-3 MAE 6.28036 X 102

Note: MSE: mean squared error and MAE: mean absolute error.

As discussed eatlier, we use the nonlinear least squares method and the
Levenberg—Marquardt algorithm to estimate the parameters of both the Lorenz—HS
and the Lorenz—Kakwani functions when fitting Ghana’s empirical Lorenz curve
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based on income employment per household. The parameter estimation results for
both functions are presented in Table 5.
Figure 3
Visualization of fitting the Lorenz—HS function and Lorenz—Kakwani function
to Ghana's empirical Lorenz curve in 1998
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The findings, presented in Table 5, indicate that the Lorenz—HS function
outperforms the Lorenz—Kakwani function in terms of fitting capability. This
conclusion is supported by the lower mean squared error (MSE) and mean absolute
error (MAE) values obtained from the Lorenz—HS function than those from the
Lorenz—Kakwani function. Furthermore, Figure 3 illustrates that the Lorenz—HS
function better fits the empirical Lorenz curve than the Lorenz—Kakwani function
does. The inequality zone formed by the empirical Lorenz curve and the egalitarian
line is close to the inequality triangle. This condition indicates that income inequality
is very high, and that the Lorenz—HS function forms a similar zone of inequality to
that of the Lorenz—Kakwani function.

From Table 6, the empirical Amato index, empirical extended Amato index, and
empirical adjusted extended Amato index values are 1.82728, 0.94941, and 0.70515,
respectively. Interpreting the adjusted extended Amato index values using Oshima's
range (Oshima 1976), we can conclude that there was significant income inequality in
Ghanaian employment in 1998. This observation aligns with the substantial gap
between the inequality zone and the egalitarian line, as depicted in Figure 3. The
empirical Lorenz curve exhibits asymmetry, with a bulge at the bottom left of the

Regional Statistics, Vol. 14. No. 3. 2024: 1-25; DOI: 10.15196/RS140303



20 Muhammad Fajar-Setiawan-Nur Iriawan

inequality zone, indicating that the bottom 50% income group contributes
significantly to the income inequality.
Table 6
Estimated values of the Amato index, extended Amato index, and adjusted
extended Amato index based on empirical formulation, Lorenz—HS function,
and Lorenz—Kakwani function

Empirics HS-Lorenz Kakwani—ILorenz
The Amato index 1.82728 1.80689 1.74972
The extended Amato index 0.94941 0.94344 0.92670
The adjusted extended Amato index 0.70515 0.67034 0.57275

When comparing the results from the two functions, it is evident that the Lorenz—
HS function produces values for the Amato index, extended Amato index, and
adjusted extended Amato index that are more closely aligned with the empirical
Amato index and its progression than those produced by the Lorenz—Kakwani
function. This result can be ascribed to the Lorenz—HS function's superior fit with
the empirical Lorenz curve, as depicted in Figure 3. The precise specification of the
Lorenz function gains considerable credibility, owing to its strong alignment with the
empirical Lorenz curve.

Local authorities can use the following strategies to reduce income inequality:

a. Eunbance the minimum wage: Increasing the minimum wage can contribute to
mitigating income inequality by ensuring that low-income workers earn a wage
that sustains their livellhood (Powell 2014). This can also help to reduce
poverty and increase economic mobility.

b. Extend the scope of the earned income tax credit (EITC): The EITC is a tax credit
designated for workers with low to moderate income, and can assist in
curtailing poverty and fostering upward economic mobility. Broadening the
EITC's coverage would help to decrease income inequality by providing
supplementary assistance to modest-income workers (Powell 2014).

c. Foster asset accumnlation for working households: Policy measures that facilitate the
accumulation of assets, such as savings accounts or homeownership
opportunities, can play a role in diminishing income inequality by fostering
economic mobility among working families (Powell 2014).

d. Allocate resonrces to education: Education is pivotal to increasing economic
mobility and reducing income inequality. Policies that invest in education, such
as augmenting funding for public schools or offering tuition-free college
education, can curtail income inequality by providing greater avenues of
income for low-income individuals, thus enhancing their economic prospects.

e. Eunbance tax system progressivity: A progressive tax system in which higher-income
individuals contribute a greater proportion of their earnings as taxes, can
reduce income inequality through wealth redistribution (Dabla-Norris et al.
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2015). Such progressivity can be accomplished by increasing tax rates for high-
earning individuals and closing tax loopholes that favour the affluent.

t.  Ewnsure equitable opportunities: Policies that promote equal opportunities, such as
eliminating discriminatory regulations and practices, and investing in skills
development, can reduce income inequality by guaranteeing an equitable
platform for all individuals to attain success.

Significantly, policies aimed at diminishing income inequality should be motivated
not only by the intention to improve social outcomes, but also to maintain long-term
economic growth (Cingano 2014). By enacting such policies, local authorities can
work towards reducing income inequality, while simultaneously fostering economic
mobility for all members of society.

Conclusions

We derive an alternative inequality index as the ratio of the perimeter of the inequality
zone perimeter (OBCE) to the perimeter of the triangle OAC, incorporating Amato’s
index. The extended Amato index developed in this study satisfies all fundamental
properties of an inequality index, except the egalitarian zero condition. Thus, we
applied a scaling process to obtain the adjusted extended Amato index, which does
satisfy all of these properties (symmetry, scale independence, non-negativity,
population independence, the egalitarian zero condition, bounded above by
maximum inequality, and the transfer principle). Notably, the extended Amato index
is consistent with the Lorenz curve. Nonetheless, ensuring the accuracy and credibility
of the inequality index values is crucial. This can be achieved by selecting a Lorenz
function that adequately fits the empirical Lorenz curve.

An empirical study, using total income employment data from Ghana, reveals a
high level of income inequality among households. This is evidenced by the extended
Amato index and adjusted extended Amato index values of 0.94941 and 0.70515,
respectively, both of which fall into the high inequality category. To address this
elevated level of inequality, local authorities could implement strategies such as
increasing the minimum wage, expanding the EITC, promoting asset accumulation
for working households, investing in education, enhancing the progressivity of the
tax system, and ensuring equitable opportunities. The goal of these policies is to
reduce income inequality and enhance economic mobility, thereby improving social
outcomes and sustaining long-term economic growth.

Determining the Lorenz function involves selecting the best specification from
the proposed candidates, based on which yields the lowest values for goodness-of-fit
measures, such as the MAE and MSE. However, this method lacks a probabilistic
mechanism, potentially leading to coincidental model selection, owing to its single-
trial nature. Consequently, future research should include a probabilistic mechanism
for specifying the Lorenz function. This could be achieved using methods such as the
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bootstrap approach (MacKinnon 2007, Smaga 2017), or by forming posterior
probabilities using the Monte Carlo Markov chain process, as demonstrated by
Carlin—Chib (1995).
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